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^ ■ Abstract 

C^ 

We introduce a dual Zariski topology on the spectrum of fully coprime i?-submodules 

of a given duo module M over an associative (not necessarily commutative) ring R. 

This topology is defined in a way dual to that of defining the Zariski topology on 
^ ■ the prime spectrum of R. We investigate this topology and clarify the interplay be- 

•/^ ! tween the properties of this space and the algebraic properties of the module under 

rJ ' consideration. 

O 1 Introduction 

o' 

Inspired by the interplay between the Zariski topology defined on the prime spectrum 
of a commutative ring R and the ring theoretic properties of R in [BoulQQSl IAM1969"] 
X ; (see also |LY2nn6l 18X20101 [ZTW2nn6] ). we introduce in this paper a dual Zariski topology 

(^ ■ on the spectrum of fully coprime submodules of a given non-zero duo module M over an 

associative ring R and study the interplay between the properties of jiM and the topological 
space we obtain. The spectrum we consider was introduced for bicomodules over corings in 
|Abu2006j (see also |Wij2006| , |WW2009] ) and topologized in |Abu2008] where a Zariski- 
like topology was investigated. Some of the results in this paper can be considered as 
module-theoretic versions of results in |Abu2006] and are dual to results in |Abu] which is 
devoted to a Zariski topology on the spectrum of fully prime submodules of a given duo 
module. 
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This paper extends also the study of the so called top modules, i.e. modules whose 
spectrum of prime suhmodules attains a Zariski topology (e.g. |Lul984t ILul999t lMMS199"7t 
IMMS19981 IZha2006"^ IZha2006"-b] ). to a notion of primeness not dealt with so far from 
the topological point of view (other notions appear, for example, in [Daul978l IWisl996l 
IR,R,R,F-AS2nn2l IR,RW2nn51 |Wij 20061 IAbu20061 IWW20 09]). 



The paper is organized as follows: After this introduction, we collect in Section 2 some 
preliminaries and recall some properties and notions from Module Theory that will be 
needed in the sequel. In Section 3, given a non-zero duo left i?-module M, we introduce and 
investigate a dual Zariski topology on the spectrum Spec ^{M) of non-zero suhmodules that 
are fully coprime in M (e.g. |Abu2006l |Wij200"6l IWW2009] ). In particular, we investigate 



when this space is Noetherian or Artinian (Theorem 13.241) . irreducible (Theorem I3.26p . 
ultraconnected (Proposition 13. 30p . compact or locally compact (Theorem 13. 33p . connected 
(Theorem 13. 34p . Ti (Proposition 13.40]) or T2 (Theorem 13.411) . 

2 Preliminaries 

In this section, we fix some notation and recall some definitions and basic results. For 
any undefined terminology, the reader is referred to |Wisl99i] and |AF1974j . 

Throughout, R is an associative (not necessarily commutative) ring with 1r^ Qr and 
M is a non-zero unital left -R-module. By an ideal we mean a two-sided ideal and by 
an i?-module we mean a left i?-module, unless explicitly otherwise mentioned. We set 
5* := End(ijM)°P (the ring of i?-linear endomorphisms of M with multiplication given by 
the opposite composition of maps) and consider M as an (i?, S')-bimodule in the canonical 
way. We write L <r M {L ^r M) to indicate that L is a (proper) i^-submodule of M. 
For non-empty subsets L O M and I C R we set 

(L -.R M) := {r G i?| rM C L] and (L -.m I) ■= {m e M\ImC L}. 

Definition 2.1. We say L <r M is fully invariant or characteristic iff f{L) C L for every 
f & S (equivalently iff L < M is an {R, S')-subbimodule). In this case, we write L <^'' M. 
We call rM duo or invariant iff every i?-submodule of M is fully invariant. 

Recall that the ring R is said to be left duo {right duo) iff every left (right) ideal of R is 
two-sided and to be left quasi- duo {right quasi- duo) iff every maximal left (right) ideal of 
R is two-sided. Moreover, R is said to be {quasi-) duo iff R is left and right (quasi-) duo. 

2.2. Examples of duo modules are: 

1. uniserial Artinian modules [OHS2006]. 

2. self-inject ive self-cogenerator modules with commutative endomorphism rings (e.g. 
[Wisl991l 48.16]). 



3. multiplication modules: rM is multiplication iff every L <r M is of the form 
L = IM for some ideal / of R, equivalently L = {L :ji M)M. Multiplication 
modules over commutative rings have been studied intensively in the literature (e.g. 
|AS2004l IPC19951 ISmil994] ) . Several results in these paper have been generalized by 
Tuganbaev (e.g. |Tug2003] , |Tug2004l ) to modules over rings close to he commutative 
(see |Abu] for a summary). 

4. comultiplication modules: rM is comultiplication iff every L <r M is of the form 
-^ = (0 :m I) for some ideal / of i?, equivalently, L = (0 :m iS^ '-r L)). A commutative 
ring for which rR is a comultiplication module is called a dual ring. For examples 
and results on such modules, we refer mainly to |AS] and |A-TF2007] . 

Notation. With £(M) (£^'''(M)) we denote the lattice of (fully invariant) /2-submodules 
of M. Moreover, for every L </j M we set 

/C"(L) := {Z <fi M I Z C L and Z <^'- M}. 

Lemma 2.3. Let L <^'- M. Then 0-^\L) C /C'''(L) with equality in case rM is self- 
injective. In particular, if rM is self-injective {and duo), then rL is self-injective {and 
duo). 

2.4. By S{M) (iSf.i.(M)) we denote the (possibly empty) class of simple -R-submodules of 
M (simple {R, S')-subbimodules of rMs, i.e. non-zero fully invariant i?-submodules of M 
that have no non-zero proper fully invariant -R-submodules). For every L <r M, we set 

S{L) := {K G S{M) \K CL}; 
Sf,i,{L) := {K e S{,i.{M) \K CL}. 

2.5. Let L <R M. We say that L is essential or large in M, and write L < M, iff LflL 7^ 
for every 7^ L < M. On the other hand, we say L is superfluous or small in M and we 
write L <^ M, iff L + L 7^ M for every L ^r M. With Max(i?) we denote the spectrum 
of maximal sided ideals of R and with Spec(i?) prime spectrum of R; moreover, the prime 
radical of R is defined as 

Prad(i?) := p| P. 

PeSpec{_R) 

The socle of M is defined as 

Soc(M) := J2 L= f] L {:=OiSS{M) = 0) 

LeS{M) L<M 

Call a semisimple module M completely inhomogenous iff M is a direct sum of pairwise 
non-isomorphic simple submodules. 



Definition 2.6. We say rM is 

colocal (or cocydic |Wisl99l] . suhdirectly irreducible |AF1974] ) iff M contains a smallest 
non-zero i?-submodule that is contained in every non-zero i?-submoduIe of M, equivalently 
iff fl L^O; 

uniform, iff for any 7^ Li, L2 </j M, also Li fl L2 7^ 0, equivalently iff every non-zero 
i?-submodule of M is essential; 

atomic iff every 7^ L </j M contains a simple i?-subniodule, equivalently iff Soc(L) 7^ 
for every Q^ L<rM; 

f.i. -atomic iff iSf.i.(L) 7^ for every 7^ L <^^' M, equivalently iff rMs is atomic. 

Examples 2.7. ( |HS2010j ) Cofinitely generated modules (modules with finitely generated 
essential socles; called also finitely related modules), semisimple modules and Artinian 
modules are atomic. All left modules over right perfect (e.g. left Artinian) rings are 
atomic. The Abelian group Z is uniform but not atomic. 

Definition 2.8. We call an i?-module M an S-IAD-module iff rM is self-injective, atomic 
and duo. 

Examples 2.9. The following are classes of S-IAD-modules: 

1. self-injective Artinian uniserial modules: Artinian modules are atomic by |HS2010j 
and Artinian uniserial modules are duo by |OHS2006] : 

2. finitely generated self-injective self-cogenerator modules with commutative endomor- 
phism rings: such modules are duo and finitely cogenerated by [Wisl99ll 48.16], 
whence atomic. 

3. self-injective duo left modules over right perfect rings; 

4. self-injective duo modules that are cofinitely generated (resp. semisimple, Artinian). 

Topological Spaces 

In what follows, we fix some definitions and notions for topological spaces. For further 
information, the reader might consult any book in General Topology (e.g. |Boul966] ). 

Definition 2.10. We call a topological space X (countably) compact, iff every open cover 
of X has a finite subcover. Countably compact spaces are also called Lindelof spaces. Note 
that some authors (e.g. |Boul966"l, IBoul998j ) assume that compact spaces are in addition 
Hausdorff. 

2.11. We say a topological space X is Noetherian {Artinian), iff every ascending (descend- 
ing) chain of open sets is stationary, equivalently iff every descending (ascending) chain of 
closed sets is stationary. 



Definition 2.12. (e.g. |Boul966] . |Boul998] ) A non-empty topological space X is said to 
be 

1. ultraconnected, iff the intersection of any two non-empty closed subsets is non-empty. 

2. irreducible (or hyperconnected) , iff X is not the union of two proper closed subsets; 
equivalently, iff the intersection of any two non-empty open subsets is non-empty. 

3. connected, iff X is not the disjoint union of two proper closed subsets; equivalently, 
iff the only subsets of X that are clopen (i.e. closed and open) are and X. 

2.13. ( |Boul966] . |Boul998] ) Let X be a non-empty topological space. A non-empty subset 
^ C X is an irreducible set in X iff it's an irreducible space w.r.t. the relative (subspace) 
topology; in fact, ^ C X is irreducible iff for any proper closed subsets Ai,A2 of X we 
have 

A C AiU A2 ^ A C Ai or A C A2. 

A maximal irreducible subspace of X is called an irreducible component. An irreducible 
component of a topological space is necessarily closed. The irreducible components of a 
Hausdorff space are just the singleton sets. 

Definition 2.14. Let X be a topological space and 3^ C X be an closed set. A point 
y & y is said to be a generic point, iff 3^ = {y}. If every irreducible closed subset of X has 
a unique generic point, then we call X a Sober space. 

Definition 2.15. A collection Q of subsets of a topological space X is locally finite, iff 
every point of X has a neighborhood that intersects only finitely many elements of Q. 

3 Fully Coprime Submodules 

As before, M is a non-zero unital left i?-module. In this section, we topologize the 
spectrum Spec ^(M) of submodules that are fully coprime in M. For more information 
on fully coprimeness, the interested reader can consult |Abu2006] (see also |Wij2006] and 
|WW2009] l 

Notation. For subsets L C M and / C S", we set 

An(L) ■.= {feS\ f{L) = 0} and Ke(J) = f| Ker(/). (1) 

3.1. For i?-submodules X, Y <r M we set 

XQMY:=^{f-\Y)\fekn{X)}= f| {Ker(7ry o / : M ^ M/F)}. 

/eAn(X) 

If X <R M is fully invariant, then X Qm Y <r M is also fully invariant; and if Y <ji M 
is fully invariant, then X + Y ^Z X Qm Y- 



Lemma 3.2. (See |Abu2006l Lemma 4.9]) Let X,Y <^'- M. If rM is self- cog enerator, 
then 

XQmY = Ke{Kn{X)o°Pkn{Y)). (2) 

Definition 3.3. We call a non-zero fully invariant i?-submodule Q ^ K <^'' M fully 
coprinie in M iff for any fully invariant i?-submodules X, Y <^^' M : 

K<rXQmY^K<rX OT K <R Y. 

In particular, we say rM is a fully coprinie module iff for any fully invariant i?-submodules 
X, Y <^j^- M : 

M = XQmY^M = X or M = Y. 

Proposition 3.4. ( |Wij2006i 1.7.3], |WW2009l 3.7]) The following are equivalent: 



1. rM is fully coprime; 

2. M is M/K-generated for any K <^^- M; 

3. Any M -generated R-module is M/K-generated for any K ^^'' M. 

Remark 3.5. The definition of fully coprime modules we adopt is a modification of the 
definition of prime modules introduced by Bican et. al. [BJKNSO] , where arbitrary sub- 
modules are replaced by fully invariant ones (we call such modules "Q- coprime). In fact, 
rM is B-coprime if and only if M is generated by each of its non-zero factor modules. 
Clearly, every B-coprime module is fully coprime. A duo module is B-coprime if and only 
if it is fully coprime. For more details on fully coprime modules, the reader is referred to 
|Abu2006j (see also |Wij2006| and |WW2009j l 

Example 3.6. The Abelian group Q is fully coprime since it has no non-trivial fully invariant 
subgroups. Notice that zQ is not B-coprime since Q is not generated by Q/Z. 

3.7. We define 

Specf'(M) := {^^K K^^- M \ K is fully coprime in M}. 

We say rM is ic-coprimeless, iff Spec^'^(M) = 0. Moreover, for every i?-submodule L <r M 

we set 

V^{L) := {K e Spec^"(M) \ K C L}, X^'{L) := {K G Specf^(M) \ K % L} 

and 

Corad^^(L) := ^ K ( := 0, if V^'iL) = 0). 

We say L <^'' M is ic-coradical iff Coradj(^_f(L) = L. In particular, we call rM an fc- 
coradical module iff Corad^'^^(M) = M. 



Remark 3.8. For any Li </j L2 <r M we have CoTad^{Li) C Corad^^(Li). Moreover, for 
any L <ji M we have 

Corad^^(Corad|^(L)) = Coradtj(L). 

3.9. A non-zero fully invariant i?-subniodule L <^'' M will be called E-prime iff the ideal 
An(i^) < S is prime. With EP(M) we denote the class of E-prime /2-submodules of M. 

Recall that rM is said to be intrinsically injective iff AnKe(/) = / for every finitely 
generated right ideal I < S. Every self-injective i?-module is intrinsically injective (e.g. 
|Wisl991l 28.1]). 

Proposition 3.10. f |Abu2006l Proposition 4.12]) If rM is self-cogenerator, thenEP{M) C 
Spec '^(M) with equality if rM is intrinsically injective. If moreover S is right Noetherian, 
then 

Prad(5) = An(Coradf^(M)) and Coi&d^^M) = Ke(Prad(5)). 

Proposition 3.11. (; |Abu2006l Proposition 4.7]) Let ^ L <^'- M. Then 

C^'iL) n Spec^=(M) C Spec^=(L), 

with equality if rM is self-injective. In particular, if rM is self injective then 

L is fully coprime in M ^^ rL is a fully coprime module. 

Remark 3.12. Every L G iSf.i.(M) is trivially a fully coprime i?-module. If rM is self- 
injective, then iSf.i.(M) C Spec*^'^(M) by Proposition I3.11( hence if, in addition, M is f.i.- 
atomic, then for every L <!^- M we have 7^ Si,i{L) C Spec^^(L) = V^^(L) C Spec^'(M). 

Definition 3.13. Let K G Spec^'^(M). We say that K is maximal under L, where 7^ 
L <^'- M iff K is a maximal element of V^'^{L), equivalently K O L and there is no 
K G Spec^'^(M) that is contained in L and contains K strictly. We say that K is maximal 
in Spec ^(M) iff K is maximal under M. 

Lemma 3.14. Let M be self-injective and f.i. -atomic. For every ^ L <^'- M there 
exists K G Spec^'^(M) which is maximal under L. In particular, Spec^^(M) has a maximal 
element. 

Proof. Let ^ L <^^'- M. By Remark EUl ^ Si,i{L) C V^^{L). Let 

i^i C K2 C ■ ■ ■ C ir„ C Kn+i C ■ • • 

be an ascending chain in V^^{L) and set K := \J Ki. Suppose that there exist two fully 

invariant -R-submodules L\,L2 <^'' M with K <0 Li Qm -^2 but K '^ Li and K ^ L2. 
Then i^„^ ^ Li for some Ui and i^„2 ^ L2 for some n2. Setting n := maxjni, 722}, we have 
Kn C Li Qm L2 while i^„ ^ Li and i^„ ^ L2, a contradiction. So, i^ G V^^{L). By Zorn's 
Lemma, V*^^(L) has a maximal element. In particular, Spec^'^(M) = V^'^(M) has a maximal 
element. ■ 



We introduce now a notion for modules which will prove to be useful in the sequel. 
Moreover, this notion seems to be of independent interest (see the survey in |Smij ): 

3.15. We say that rM has the min-property iff for any simple i?-submodule L G S{M) we 



have L 



Lg, where 



KeSiM)\{L} 



0,iiS{M) = {L}). 



(3) 



Since simple modules are cyclic, /jM has the min-property if and only if for any L 6 S{M) 
and any finite subset {Li, ■ ■ ■ , L„} C S{M) \ {L}, we have L ^ J27=i ^i- ^^ ^^ obvious 
that rM has the min-property if and only if the class S{M) of simple i?-submodules is 
independent in the sense of JCLVW20061 page 8]. By jSmil Theorem 2.3], rM has the 
min-property if and only if all distinct simple i?-submodules of M are non-isomorphic (i.e. 
Soc(M) is completely inhomogenous) . 

Examples 3.16. 1. Every i?-module with at most one simple i?-submodule (e.g. a colocal 
i?-module) has the min-property. 

2. Let R have the property that R/P is left Artinian for every primitive left ideal 
P oi R (e.g. R is a. commutative ring, or a Pl-ring, or a semilocal ring). Let 
{U\}x^\ be any collection of pairwise non-isomorphic simple i?-modules and consider 

M := TT Ux. Then Soc(/jM) = ^R f^A is completely inhomogenous and so rM has 

agA AeA 

the min-property |Smit Proposition 2.6]. 

3. Any finitely generated Artinian module over a commutative ring has the min-property 
if and only if it is a comultiplication module |ASt Theorem 3.11]. 

Lemma 3.17. If rM is self-injective and duo, then rM has the min-property. 

Proof. Assume, without loss of generality, that |iS(M)| > 2. Let L <r M be simple and 
suppose that L C J27=i -^» ^^^ i-^i' ' ' ' ' -^™} — S{M) \ {L}. Then L C Li Qm ■ ■ ■ &m Ln- 
Since every simple i?-submodule of M is fully coprime in M (see Remark 13. 12p . induction 
yields that L = L^ for some i = 1, ■ ■ ■ , ra, a contradiction. ■ 

Top^'^-modules 

Notation. Set 






{V'{L) I L <R M}; 
{X'%L) I L <R M}; 
(Spec^^ (M),rf^(M)); 



^%.iM) 



T 



(M) 



{V^^iL) I L <f M}; 
{XHL) I L <f M}; 
(Spec^^(M),r^\(m)). 



Lemma 3.18. 1. V^"(0) = and V^"(M) = Spec'^(M) 



2. IfiLxJA ^C{M), then 

A A 

3. IfL,LeC^-''iM), then 

V'iL) U X''{L) = V'{L + L) = V\L Qm L). 

Proof. Statements "1" and "2" and the inclusions V^"(L)UVf"(Z2 ^ V^^(L+Z) C V^^LQm 
L) in (3) are obvious. Let K G V^'^{LQmL)^ so that K C LQmL. Since K is fully coprime 
in M, we have iT C L whence K E V^%L), or K CL whence K E V^'=(Z).B 

For an arbitrary i?-module M, the set ^ ^(M) is not necessarily closed under finite 
unions. This motivates the following 

Definition 3.19. We call rM an top^'^ -module iff ^ ^(M) is closed under finite unions. 

Notation. For any A C Spec^'^(M) set 

n{A) -.= ^2^ (-=0' if^ = 0)- 

KeA 

As a direct consequence of Lemma 13.181 we get 

Theorem 3.20. Zj;^ (M) := (Spec '^(M), rj;j ) is a topological space. In particular, if rM 
is duo, then M is an top^'^ -module and 7}'^{M) := (Spec'^^(M), t^'^{M)) is a topological space. 

Lemma 3.21. Let rM be a top^'^ -module. The closure of any subset A C Spec ^(M) is 

A = V'''{H{A)). (4) 

Proof. Let A C Spec^^(M). Since A C V^"('H(^)) and V^^'iniA)) is a closed set, we have 
A C V^^'iniA)). On the other hand, suppose that H E V^''{n{A))\A and let A'f^(L) be 
a neighborhood of H, so that H ^ L. Then there exists W E A with W ^ L (otherwise 
H C niA) C L, a contradiction), i.e. W E X^''{L) n {A\{H}) is a cluster point of A 
Consequently, A = V^'i'H{A)).m 

Remarks 3.22. Let M be a top'^'^-module and consider the Zariski topology Z^'^{M) : = 
(Spec^=(M),rf^(M)). 

1. Z^'^{M) is a To (Kolmogorov) space. 

2. If rM is duo, then B := {X^'^{L) \ L <r M is finitely generated} is a basis of open 
sets for Z^'^(M) : any K E Spec^(M) is contained in some X^'^{L) for some finitely 
generated /?-submodule L <^ M (e.g. L = 0). Moreover, if Li, L2 <r M are finitely 
generated and K E A'*''=(Li) fl X^''{L2), then L := Li + L2 <_r M is also finitely 
generated and we have K E A'^=(L) = X^^Li) n ^'^^(La). 

9 



3. If L G Specf"(M), then {L} = V^'{L). In particular, for any K G Spec^"(M) : 



K e {L} ^ K C L. 

4. If rM is self-injective and duo, then 

A'^=(L) = ^ Soc(M) C L. (5) 

The converse of (E]) holds if, for example, S{M) = Spec*^'^(M). 

5. Let rM be a S-IAD-niodule. For every L <ji M we have V^^{L) = if and only if 
L = 0. 

6. Let rM be self-injective and 7^ L <^'' M. The embedding 

t : Spec^=(L) -^ Spec^=(M) 

is continuous: this follows from Proposition l3.11l which implies that that L^^iy^^{N)) = 
V^^iN n L) for every i?-submodule A^ <r M. 

7. Let M ^ A^ be an isomorphism of non-zero i?-modules. Then we have a bijection 

Spec^"(M) ^^ Spec^"(Ar). 

In particular, we have ^(Coradj^^(M)) = Corad^(A^). Moreover, we have a homeo- 
morphism Z^^(M) ^ Z^''{N). 

Notation. Set 

CL(Z^=(M)) := {A C Specf'=(M) \A = A} and CU^^M) := {L <r M \ Corad^^(L) = L}. 
Theorem 3.23. Let M be a top^^ -module. 

1. We have an order-preserving bijection 

C7^f^(M)4-^CL(Z^^(M)), L^V^'iL). (6) 

2. Z^^(M) is Noetherian if and only if rM satisfies the DCC condition on fc-coradical 
submodules. 

3. Z^'^(M) is Artinian if and only if rM satisfies the ACC condition on fc-coradical 
submodules. 
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Proof. Notice that for any L <r M we have Vf"(L) G CL(Zf=(M)) and Corad^^(L) G 
Cn^^{M) by Remark [311 Consider now 

^ : CL(Z^P(M)) -^ Cn^\M), Vf^(L) ^ Corad^;^(L). 

For every L G CIZ ^(M) we have 

^(V^^(L)) = Corad^^(L) = L. 

Moreover, for every A := V^^iK) G CL(Z^'=(M)) we have 

V'^'i^iA)) = V'^'i^iV'iK))) = Vf'=(Corad|,(ir)) = ViniA)) = A = A. 

Notice now that (2) and (3) follow directly from (1) and so we are done.B 

Theorem 3.24. Let M be a top^'^ -module. If rM is Artinian (Noetherian) , then Z^^(M) 
is Noetherian (Artinian). 

Proposition 3.25. Let rM be duo. Then A C Spec^^(M) is irreducible if and only if 
^{{A) is fully coprime in M. 

Proof. Let rM be duo and A C Spec^'(M). 

(^) Assume that A is irreducible. By definition, ^ 7^ and so Hi^A) 7^ 0. Suppose 
that 'H{A) is not fully coprime in M, so that there exist -R-submodules X,Y <r M with 
n{A) C XQmY but n{A) % X and n{A) % Y. It follows that A C V^'{X Qm Y) = 
V^'^{X)UV^^{Y) a union of two proper closed subsets, a contradiction. Consequently, 7i{A) 
is fully coprime in M. 

(<^) Assume that ^{{A) G Spec^^(M). In particular, ^{{A) 7^ and so ^ 7^ 0. Suppose 
that A C V^^(Li) U Vf"(L2) = V^^Li Qm ^2) for some i?-submodules 7^ Li, L2 <r M. It 
follows that T-Li^A) C V^^(Li0Af L2) and it follows from our assumption that that H^A) C Li 
so that A C V^'^(Li) or Ti^A) C L2 so that A C V^^(L2). Consequently, A is not the union 
of two proper closed subsets, i.e. A is irreducible. ■ 

Theorem 3.26. Let rM be duo. 

1. Spec'^(M) is irreducible if and only if CoTad^iM) is fully coprime in M. 

2. If rM is self-injective, thenS{M) is irreducible if and only ^/Soc(M) is fully coprime 
inM. 

Example 3.27. If ^ C Spec^^(M) is a chain, then A is irreducible. In particular, if rM is 
uniserial, then Spec^'^(M) is irreducible. 

Proposition 3.28. Let rM be duo. The bijection i^ restricts to bisections: 

Spec^(M) i — > {A I A C Spec'^(M) is an irreducible closed subset} 

and 

Max(Spec '^(M)) < — v {A \ A C Spec'^(M) is an irreducible component}. 

11 



Proof. Recall the bijection Cn^^{M) ^-^^ CL(Z^=(M)). 

Let K e Specf^(M). Then K = Hiy^^{K)) and it follows that the closed set V^^{K) 
is irreducible by Proposition 13.251 On the other hand, let A C Spec^'^(M) be a closed 
irreducible subset. Then A = V^^{L) for some L </? M. Notice that Ti^A) is fully coprime 
in M by Proposition [325] and that A = A = V^%n{A)). 

On the other hand, notice that Spec^^(M) has maximal elements by Lemma [3.141 If K 
is maximal in Spec^'^(M), then clearly V^'^{K) is an irreducible component of Spec^'^(M) by 
"1". Conversely, let y be an irreducible component of Spec^'^(M). Then y is closed. By 
"1", 3^ = V^^{L) for some L E Spec^^(M). Suppose that L is not maximal in Spec^'^(M), so 
that there exists K G Spec^^(M) such that L ^ K C M. It follows that V^^{L) ^ V^^(L), 
a contradiction since V^^{K) C Spec^'^(M) is irreducible by "1". We conclude that L is 
maximal in Spec'^(M).B 

Corollary 3.29. Let rM he duo. Then Spec''(M) is a Sober space. 

Proof. Let A C Spec'^'^(M) be a closed irreducible subset. By Proposition 13.281 A = 
V^^iK) for some K G Spec*(M). It follows that 



A = A = V'\U{A)) = V'\K) = {K}, 

i.e. i^ is a generic point for A. If L is a generic point of A., then it follows that V^'^{K) = 
Vf"(L) whence K = L since K,Le Spec^^(M).B 

Proposition 3.30. Let ^M be a S-IAD-module. Then rM is uniform if and only if 
Spec ^{M) is ultraconnected. 

Proof. Assume that rM is uniform. If V^^(Li), V^^(L2) C Spec'^(M) are any two non- 
empty closed subsets, then Li ^ ^ L2 and so V^''{Li)nV^''{L2) = Vf'=(Li nLg) ^ 0, since 
Li n L2 7^ contains by assumption some simple i?-submodule whence which is indeed 
fully coprime in M. Conversely, assume that the intersection of any two non-empty closed 
subsets of Spec^^(M) is non-empty. Let ^ Li,L2 <b^ M, so that V^^(Li) 7^ 7^ V^^{L2). 
By assumption V^'=(Li n L2) = V^'=(Li) n V^''{L2) 7^ 0, hence Li n L2 7^ 0. Consequently, 
rM is uniform. ■ 

Theorem 3.31. Let rM be a S-IAD-module. 

1. If S{M) is countable, then Z^^(M) is countably compact. 

2. If S{M) is finite, thenZ^^{M) is compact. 

Proof. We prove only "1", since "2" can be proved similarly. Assume that S{M) = 
{N\^.}k>i is countable. Let {X^^{La)}a€i be an open cover of Spec^'^(M), i.e. Spec'^(M) C 
M X^^{La). Since S{M) C Spec^'^(M), we can pick for each /c > 1, some ak E I such 
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that A^Afc % La^. Suppose || L^^. 7^ 0. Since rM is atomic, there exists some simple R- 

k>l 

submodule 7^ A^ C ||Laj,, a contradiction since N = Nx^. ^ L^^. for some k > 1. 

k>l 

Hence p| L„, = and we conclude that Specf^(M) = A'f^(p|L„J = |J A'f^(L„J, i.e. 

k>l fc>l k>l 

{X^'^{La,,) I A; > 1} C {X^'^(La)}aei is a countable subcover.B 
Proposition 3.32. Let rM be duo and assume that Spec^'^(M) = S{M). 

1. If rM has the min-property, then Spec'^(M) is discrete. 

2. M has a unique simple R-submodule if and only if rM has the min-property and 
Spec'^(M) is connected. 

Proof. 1. If rM has the min-property, then for every K G Spec*^'^(M) = S{M) we have 
{K} = X({K}e), i.e. an open set. Since every singleton set is open, Spec^'^(M) is 
discrete. 

2. (=^) Assume that rM has the a unique simple i?-submodule. Clearly, rM has the 
min-property and Spec ^{M) is connected since it consists of only one point. 

(<^) Assume that rM has the min-property and that Spec ^(M) is connected. By 
"1", Spec*^'^(M) is discrete and so S{M) = Spec'^'^(M) has only one point since a 
discrete connected space cannot contain more than one-point. ■ 

Theorem 3.33. Let rM be a S-IAD-module and assume that every fully coprime R- 
submodule of M is simple. 

1. Spec^'^(M) is countably compact if and only if S{M) is countable. 

2. Spec'^(M) is compact if and only if S{M) is finite. 

As a direct consequence of Theorem 13.311 and Proposition 13.321 we obtain: 

Theorem 3.34. Let rM be a S-IAD-module and assume that every fully coprime R- 
submodule of M is simple. Then rM is colocal if and only if Spec ^(M) is connected. 

Lemma 3.35. Let rM self-injective self- cog enerator duo and S be Noetherian with every 
prime ideal maximal. Then S{M) = Spec'^(M). 

Proof. Notice that S{M) C Specf'(M) (see Remark [3A2ll . If K G Spec^^(M), then 
An{K) < S* is a prime ideal by Proposition 13.101 whence a maximal ideal by our assumption 
on S. It follows that K = Ke(An(ii')) is simple: if 7^ ii'i $ /C, for some Ki <r M, then 
An(i^) ^ An{Ki) ^ S since Ke(— ) is injective, a contradiction. ■ 
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Remark 3.36. The ring R is called ir-regular, iff for each a & R there exist a positive integer 
n = n{a), depending on a, and x G -R such that a" = a"'xa'^. If i? is a left (right) duo ring, 
then every prime ideal of R is maximal if and only if R is 7r-regular [Hirl978j. Moreover, R 
is called biregular, iff every ideal of R is generated by a central idempotent. By |Wisl99ll 
3.18 (6, 7)], every prime ideal of a biregular ring is maximal. 

Lemma 3.37. Let rM he a top R-module. If n > 2 and A = {Ki, ...,i^„} C Spec^^iM) 
is a connected subset, then for every i G {1, ...,n}, there exists j G {1, ...,n}\{i} such that 
Ki <R Kj or Kj <R Ki. 

Proof. Without loss of generality, suppose Ki ^ Kj and Kj ^ Ki for all 2 < j < n and set 

n 

F:=^Ki, Wi ■.= Af\X^''{Ki) = {K2,...,Kn} and VTs :=^nA'^"(F) = {Ki} (if n = 2, 

i=2 

n n 

then clearly W2 = {Ki}; if n > 2 and Ki ^ W2, then Ki C ^ fsTi C {K2 Qm Y^ Ki) and 

i=2 i=3 

n 

it follows that Ki C N^Kj. One can show by induction that Ki </? Kn, a contradiction). 

j=3 

So ^ = Wi U W2, a disjoint union of proper non-empty open subsets, a contradiction. ■ 

Proposition 3.38. Let rM he a S-IAD-module and let ^ K = {Kx}k C S{M). If 
\S{L)\ < 00 for every L G Spec'^(M), then K, is locally finite. 

Proof. Let L G Spec^^iM) and set 

F:= J2 ^ (:=0, if/CnA'f=(L) = 0) 

xg/cnA'fc(L) 

Notice first that L ^ F : li L 'O F, then there exists a simple i?-submodule ^ K (1 
L ^ F. Since M has the min-property by Lemma 13.171 we conclude that K = K for some 
K e K,r\ X^''{L), a contradiction. So, L G X^''{F). Since |5(-^)| < 00, there exists (if 
any) a finite number of simple i?-submodules {-R'ai, ••, K\n] = ^ H V^^{L). It is clear that 
{/sTai, .., ZsTaJ = /C n A'f=(F) and we are done.B 

Lemma 3.39. If rM he a S-IAD-module, then the following are equivalent for any L <r 
M: 

1. LeS{M); 

2. L is fully coprime in M and V^'^(L) = {L}; 



3. {L} is closed in Z 



fc 

M- 



Proof. Notice that, by Remark SIS S{M) C Spec^'(M). Let L <r M. 

(1) =^ (2) and (2) =^ (3) are obvious. 

(3) => (1) Assume that {L} is closed in Z%. Then {L} = V^^iK) for some K <r M. 
If rL is not simple then, since rM is atomic, there exists some simple i?-submodule L of 
M such that L ^ L. It follows that {L,L} C V^'^{K) = {L}, a contradiction. ■ 
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A topolgoical space is Ti if and only if every singeleton set is close. In light of this, 
the previous lemma yields: 

Proposition 3.40. // rM is an S-IAD-module, then Spec*^''(M) = S{M) if and only if 
Z^'^(M) is Ti {Frecht space). 

Combining the prvious resutls we obtain 

Theorem 3.41. Let rM he a S-IAD-module. The following are equivalent: 

1. Spec^"(M) = 5(M); 

2. Z^'=(M) IS discrete; 

3. Z^=(M) isT2 {Hausdorff space); 

4. Z^=(M) isTi {Frecht space). 
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